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Summary

Soil properties usually show significant uncertainty due to a combination of spatial variability,
limited availability of measurements and other sources of uncertainty. Most modern design
codes are based on Load and Resistance Factor Design. In these codes, uncertainties in soil
properties are covered by design values of geotechnical parameters, which are a combination
of characteristic values, often defined as cautious estimates of properties affecting the limit
state, and partial factors. Characteristic values of geotechnical parameters are determined
either based on engineering judgement or on a stochastic/statistical basis, of which the latter
is subject of this paper. This report elaborates on the theoretical backgrounds and the practical
assumptions made for the derivation of characteristic values based on a statistical basis. The
methods were initially derived for Dutch flood defenses but are generically applicable to
geotechnical design and assessment.

The following aspects relevant to characteristic values are covered:
· The overall semi-probabilistic framework and the role of characteristic values therein;
· The modeling of spatial variability of a soil property, including the difference between

random spatial models based on local datasets and regional datasets, the latter usually
being a merge of local datasets within a large region. It will be demonstrated that these
two spatial model approaches, though they look quite similar, may lead to substantial
different characteristic value assessments.

· “Variance reduction”, i.e. the effect of averaging of spatial variability, involved in the
assessment of ä soil property based parameter for geotechnical analyses;

· The derivation of characteristic values of geotechnical parameters, including the effect
of adopted spatial model (based on local or regional data), “variance reduction”,
statistical uncertainty, measurement errors and correlated versus uncorrelated data.

Though a stochastic/statistical approach inherently suggests objectivity, some of the model
parameters of the adopted random field model inevitably still require engineering intuition
based assessment. Actual available data from soil investigation is most often too limited for
meaningful statistical inference of model parameters, other than expected mean values or
standard deviations. Assessments of other model parameters should then be based on
engineering interpretation of the available data, focusing on cautious but reasonable
assumptions for the assessment of characteristic geotechnical parameters.

We believe that for any improvement or alternative proposals to operationally define
characteristic values, it is crucial to address all these aspects. Of course, that does not mean
that all aspects need be ultimately part of the recipe. As we show, also the current formulations
work with simplifications based on (mostly judgement-based) assumptions. Yet is seems
important to us that all essential elements are covered in the justification.
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1 Introduction

1.1 Rationale and scope
Parameters in a geotechnical analysis, reflecting soil (strength or load) properties, are  usually
subject to  substantial uncertainty. Unlike man-made materials such as concrete and steel,
soils have a much higher variability of material properties as it is a natural material influenced
by geologic processes. Although investments to map ground conditions have proven valuable
returns, typically limited ground and soil investigation data are available to quantify soil
properties and map heterogeneities. Uncertainties must be taken into account, to safely design
and assess geotechnical structures.

Historically speaking, the consideration of safety in geotechnical designs, and nowadays
increasingly in the assessment of existing structures, has evolved from using overall factors of
safety based on mean property values to more sophisticated load and resistance factor design
(LRFD), which became mainstream in structural engineering in the 1980’s. The overall factors
of safety were mostly based on empirical experience and engineering judgement. With the
introduction of LRFD, reliability-based concepts became applicable to define design values and
characteristic values of load and resistance properties in probabilistic terms.

The authors recognize confusion about some concepts and assumptions underlying the
approach to characteristic values of geotechnical parameters in Dutch guidelines and codes of
practice due to lack of background documentation. The objective of this report is to elaborate
on the reliability backgrounds of the design values of geotechnical parameters, and specifically
on the definition of characteristic values in probabilistic terms, as well as the derivation of widely
used equations for this.

The report mostly focuses on the probabilistic and statistical elements in the determination of
characteristic values as implemented in Dutch guidelines for flood defenses (see e.g. TAW,
1989 and its successors,) and Dutch codes of practice in the National Annex to the EuroCode
(NEN-EN-1997). This focus is chosen as most of the described theoretical concepts in this
report has been developed within the context of Dutch flood defenses., further referred to as
dikes in this paper. However, the theory described is generically applicable to other
geotechnical structures and line-infrastructure as well. Except for the application of regional
soil models (see Chapter 3), many aspects are covered in Eurocode 7 (EN 1997-1:2004) as
well.

The report is intended for practitioners and researchers who want to know the background
behind current methods and equations for the determination of characteristic values. This will
enable them to interpret the back ground of current approach correctly and to make unbiased
comparisons with the status quo when developing new methods.

1.2 Characteristic values
According Eurocode 7 (clause 2.4.5.2 from EN 1997-1:2004), the characteristic value of a
geotechnical parameter shall be selected as a cautious estimate of the value affecting the
occurrence of the limit state. Herein, we take the statistical approach in this report such that
calculated probability of a worse value is not greater than 5%. This report deals with how to
determine these characteristic values.

The definition of characteristic values is closely related to the required reliability targets in the
Eurocodes and in the safety standards for flood defenses through the semi-probabilistic
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verification format with partial factors. This implies that the operational definitions of
characteristic values always need to be considered in conjunction with the overall safety or
reliability concept for limit state verification in a guideline or code of practice.

The following aspects are of importance in order to define and determine characteristic values:

1. The overall framework for semi -probabilistic reliability-based design (i.e. Load and
Resistance Factor Design). The concept of characteristic values (load and strength) to be used
in combination with partial safety factors was launched during the introduction of probability-
based design of civil engineering structures in the 1980’s. Choices of definitions of
characteristic values of load and strength parameters interdepend with choices of partial safety
factors and the combinations relate to required levels of structural safety. Though not the main
issue of this report, this framework is a crucial, but an often-ignored notion in discussions on
characteristic values.

2. The choice of the (spatial) stochastic model, which reflects natural “random” variability
of a soil properties within a soil layer. This is a basic element for probabilistic
geotechnical reliability analyses, and thus also for determination of characteristic soil
properties for semi probabilistic analyses. (Vanmarcke, 1977) introduced a random field model,
which has been a basic assumption in geotechnical reliability analysis since then. It
was adopted in several recent publications, aimed to substantiate Eurocode issued definitions
of characteristic soil parameter (Schneider & Schneider, 2013; Prästings et al., 2018; Ching et
al., 2020) and, with some focus on slope stability of regional dikes in the Netherlands, (Hicks
et al., 2019; Varkey 2020). In the course of developing an early version of the Dutch river dike
code (TAW, 1989), it was found that this “basic” random field model  did not fully match with
the available regional test datasets, used for Dutch river dike design. An extension of the model
was needed to enable accommodation of the large variation of means of the local test sets,
which formed the regional test set.

3. Translation of field data or derived values into characteristic values of geotechnical
parameters as used in computation models for the verification limit states: Typical notions, in
this respect, concern translation of acquired data at (small volume) measurement scale to
parameters representative for potential failure mode volumes, e.g. slope
slides. This may involve substantial variance reduction, depending on the dimension scale of
failure modes and the type computation model for reliability verification. Also, the role of
measurement uncertainty should, and will, be considered.

The second and third aspects form the main part of this report, as they are the basis to derive
formulas for the computation of characteristic values of soil properties. Simplification of these
formulas are needed, additionally, to arrive at formulas which are tractable for everyday
practice as currently implemented in the design and assessment guidelines for flood
defenses in the Netherlands and in the Dutch National Annex to the Eurocode 7.

Recently, numerous proposals have been made to operationally define characteristic values,
also for conditions deviating from the elaborations in this article (i.e. stationary random fields).
For example, soil parameters with depth trends or correlated parameters require different
treatment. An overview of these developments can be found in ISSMGE-TC304 (2021). This
is outside the scope of this report

The possibility to choose characteristic values based on engineering judgement, as given for
example in the Eurocode 7 (NEN-EN-1997, 2004) remains of course open to practitioners, and
may even be applied in many instances. We do, however, emphasize that even when statistics
or probability concepts are not explicitly used, the same level of confidence should be targeted
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from a reliability point of view. And, hence, considerations that will be discussed here, should,
one way or the other, also be addressed in non-statistical approaches.

As may have been noted, we distinguish in this report  between soil properties and geotechnical
parameters. A soil property is a (actually measurable) quantity which can be attributed to a
(mostly small) volume of soil within a soil unit. A geotechnical parameter, is a quantity to be
applied in a computation model, attributable to volumes or surfaces involved in limit state
failure. It is derived from soil property data, and it should account for effects like spatial
averaging, and uncertainties which may play a role in the translation from measured data to
computation model parameter.

1.3 Outline
In order to properly place the concept of characteristic values in the overall reliability framework
of the Eurocodes, and of many related Dutch geotechnical guidelines, section 2 of this report
outlines the concepts of (target) reliability and design values in LRFD. Section 3 discusses the
modelling of spatial variability and uncertainty in soil properties. Subsequently, the crucial
concept of spatial averaging is treated in section 4. The definitions and concepts for
characteristic values in probabilistic terms are then given in section 5 (with detailed derivations
available in the annex).
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2 Overall (semi) probabilistic framework

The Eurocodes are based on reliability concepts (JRC, 2021), as are guidelines for design and
safety assessment of flood defenses in the Netherlands, i.e. (TAW, 1989), (OI, 2014),
(WBI,2017) for primary and (LTV, 2017) for regional flood defenses. This entails that the
underlying reliability requirement refers to an acceptable or target probability of failure or target
reliability, operationally defined as the probability of exceeding a limit state. The reliability
verification can in principal be done fully probabilistically (e.g. Schweckendiek et. al, 2017), but
most guidelines describe semi-probabilistic limit state verifications based on design values.

The essential matter with probability-based approaches to characteristic values is relating their
degree of confidence to the overall design approach followed in each code of practice including
the target reliability and the partial factors. To that end, in this section we will briefly discuss
target reliability values and semi-probabilistic verifications with focus on the role of
characteristic values therein.

2.1 Target reliabilities
Table 1 shows the target reliability index  for ULS (i.e. structural failure) as a function of the
consequence class, based on the Dutch National Annex to the Eurocode. The Eurocode itself
defines a framework of (three) classes of societal impact of a structural failure (in terms of
damage and/or casualties or injured people), at an aggregate level. Namely the consequence
classes distinguish between CC1, CC2 and CC3, based on the societal impact of a structural
failure (in terms of damage and/or injured/killed people), at an aggregate level.

Table 2.1: Target reliability index and corresponding probability of failure for a reference period of 50 years in
Dutch National Annex to EN 1990 for consequence classes CC1, CC2 and CC3

Consequence
class , Societal Impact of Collapse

CC1 3.3 4.8 . 10-4
Low consequence for loss of human life,
and economic, social or environmental

consequences small or negligible

CC2 3.8 7.2 . 10-5
Medium consequence for loss of human
life, economic, social or environmental

consequences considerable

CC3 4.3 8.5 . 10-6
High consequence for loss of human life,

or economic, social or environmental
consequences very great.

Note 1: The target reliability values refer to individual structural members and/or individual limit states
(JRC, 2021).
Note 2: When translating the target reliability index values to reference periods other than 50 years,
the correlation between years and deterioration (if applicable) need to be considered.

The relation between required reliability index and the corresponding probability of failure
,  is given by , = (− ), where (⋅)  denotes the standard normal (Gaussian) probability

function. Though the target reliability values in Table 2.1 were initially derived for buildings,
since stated in EN 1990, they are also considered applicable to geotechnical structures.
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Flood defenses in the Netherlands are subject to a different regime of reliability targets, based
on societal and economic impacts of flooding. Requirements for primary defenses, often stricter
than Table 2.1, are laid down in the guidelines (IO, 2014) and (WBI, 2017), and often less strict
than in Table 2.1 for regional flood defenses in (LTV,2017).

2.2 Semi-probabilistic verification
The fundamental basis of a semi-probabilistic verification is that a limit state verification with
limit state function g( ) using design values has to meet the condition:

( ) ≥ 0                          (2.1)

The  are the so-called design values of the random variables. In terms of reliability theory,
the design values represent the values of the random variables  for which the probability
density at failure, (where ( ) = 0, after transformation into the standardized Gaussian space)
is maximal. If X has a normal distribution the value  can be found from:

= −                        (2.2)

where  and  are the mean and standard deviation of  respectively,  is the (FORM)
importance factor of the variable  with 0 ≤ ≤ 1 for resistance properties and −1 ≤ ≤ 0
for load actions and  is the target reliability index. For other than normal distributions the
value of  is found from ( ) = ( ) with (. ) being the cumulative distribution function
of the variable .

In the Eurocodes ultimate limit states are generally verified by comparing the design value of
the effects of actions  with the design value of the corresponding resistance :

≤                            (2.3)

And hence, Ed and Rd should be determined in such a way that if eqn. (2.3) is met, the target
reliability is fulfilled. In the current version of Eurocode 7, the design resistance is obtained by
either applying partial factors to the characteristic values of the soil properties , or to the
resistances  or to both:

= ; ;                       (2.4)
= ; ;   /                     (2.5)
= ; ;  /                     (2.6)

where the Frep denote representative values of actions,  and  (multiple) characteristic
geotechnical strength parameters and  corresponding partial factors , and the   design values
of geometrical properties.The three equations represent different design approaches followed
in the current EN 1997 for different structures and in different countries. The point here is only
to show the role of characteristic values in the Eurocode design equations; for details on the
design approaches and the remaining variables and symbols we refer to JRC (2021) or EN
1997 itself. In Dutch geotechnical practice, all three approaches are used for different
structures.

The partial factors are ideally calibrated in such a way (in combination with the load factors) by
e.g. selecting the proper  values, that the design or assessment decision for a large class of
structures fulfils the reliability requirements with an acceptable level of accuracy. As the result
(i.e. the target reliability is met given a structure fulfils the design values) must be applicable
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for a large group of structures, the selected  values for code-calibration may  be over-
conservative  in (a small minority of) individual cases.
It can be argued that achieving uniformity of the resulting reliability is not aided by the variety
of different design approaches, which is one of the reasons that harmonization is one of the
focal objectives in the development of the next-generation Eurocodes.

In this approach, the characteristic values are fixed quantiles of the actions and loads
independent of consequence class and thus target reliability. Hence, the reliability
differentiation for different target reliability levels is ensured by the partial factors. Relating
partial factors to target reliabilities is not an objective in this report. Simple formulae, based on
actually calculated or presumed influence coefficients in linearized stochastic reliability
analyses, have been proposed already since the 1970’s, e.g. (ISO,1973), (CIRIA, 1977) and
(Toft Christensen and Baker, 1981), recently quoted in (Prästings et al., 2018). Yet, because
influence coefficients inevitably vary broadly from one structure to another within the category
for which a partial safety factor set is meant to be applicable, this approach needs further
tuning, based on calibration analyses with representative test sets. This is e.g. shown in
(Jongejan and Calle, 2014) and (Kanning et. al, 2016) in the course establishing codes for
safety assessment of primary dikes in the Netherlands (WBI, 2017), and in (Stowa, 2009) for
establishing the regional flood protection assessment code (LTI, 2017).

2.3 Definition of characteristic value
Regardless of the differences in design approach, the definition of the characteristic values in
Dutch guidelines has followed the Eurocode definitions as stated in the following paragraphs
of clause 2.4.5.2 from EN 1997-1:2004: (quote)

· (2) The characteristic value of a geotechnical parameter shall be selected as a cautious
estimate of the value affecting the occurrence of the limit state.

· (11) If statistical methods are used, the characteristic value should be derived such
that the calculated probability of a worse value […] is not greater than 5%.

· (7) The zone of ground governing the behaviour of a geotechnical structure at a limit
state is usually much larger than a test sample or the zone of ground affected in an in-
situ test. Consequently, the value of the governing parameter is often the mean of a
range of values covering a large surface or volume of the ground. The characteristic
value should be a cautious estimate of this mean value.

· (8) If the behaviour of the geotechnical structure at the limit state considered is
governed by the lowest or highest value of the soil property, the characteristic value
should be a cautious estimate of the lowest or highest value occurring in the zone
governing the behaviour.

Notice that the Eurocodes generally adopt a Bayesian approach to uncertainties and degree-
of-belief notion of probability (JRC, 2021). That is the reason why we do not refer to confidence
intervals here, but to quantiles of a probability distribution which needs to contain all elements
of uncertainty in the parameters of interest, including statistical uncertainty.

Paragraphs (7) and (8) are a more detailed specification of the notion of the ‘value affecting
the occurrence of the limit state’ in (2). The general take-away is that if substantial spatial
averaging is involved in a failure mode, the characteristic value refers to the mean value of the
soil property in the affected volume. On the other hand, if no averaging is involved, the
characteristic value refers to the lowest or highest ‘point value’. With these definitions, EN 1997
makes a practical simplification by contemplating the upper and lower bounds for the ‘value
affecting the occurrence of the limit state’. The elaborations in this report will focus on the
Eurocode definitions as stated and interpreted above, and will also describe how a more
realistic amount of spatial averaging, rather than full or no averaging, can be quantified.
Furthermore, we will focus on characteristic values for single material properties with no spatial
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trends. Soil properties usually show a trend, especially in the depth direction. This should be
dealt with detrending the data and only look at the statistics of the detrended data.
ISSMGE-TC304 (2021) contains a literature overview of approaches to define and
operationalize characteristic values for a wider set of conditions and definitions, e.g.:

· soil properties with depth-trends
· multi-variate properties with correlations
· combination of site data with prior knowledge
· sophisticated approaches to account for the structural response

For some of the approaches it can be argued whether or not they meet the current Eurocode
definitions. Yet, in our view, it is essential with probability-based approaches to characteristic
values, to relate their degree of confidence to the overall design approach followed in each
code of practice, including the target reliability and the partial factors. Characteristic values are
just one of the ingredients in the overall approach and can, therefore, not be contemplated in
isolation.
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3 Modelling spatial variation of soil properties

3.1 Spatial variability of soil properties
In most current computation methods for geotechnical design or safety assessment, basic soil
property values, such as shear strength parameters, volumetric weights, et cetera, are usually
considered to be uniform within well distinguished soil units or layers of identical material type,
such as sand, clay, Yet, outcomes of lab tests on soil samples, acquired from such units, or
outcomes of in situ tests at different locations within the unit, show considerable variability. The
use of simple univariate (independent random sample) statistics, to deal with it in a quantitative
way in geotechnical design, have been suggested already from the mid 1960’s, by (Lumb,
1966), (Schultze, 1971), (Wu & Kraft, 1970) and (Tang et al., 1976), to mention a few.

A widely held view was that variability of test results on spatially distributed acquired soil
samples reflects mainly spatial variability of the soil property itself throughout the soil unit,
probably due to fluctuations in space of deposition conditions. Only a limited part was viewed
to originate from imperfections in the process of acquisition and handling test samples, and
irreproducibility of test devices. (Cherubini, 1997) claims that up to roughly 30 percent of
sample test result variances may be attributable to errors of this type. Although this is
substantial, this still supports the idea that the main part of variability results from the deposition
history.

Observed patterns of variability found using site characterization techniques such as cone
resistance measurements (CPT’s or SPT’s) suggest a characteristic pattern of relatively rapid
variation of soil strength in a vertical direction, relative to a constant mean or average trend
with depth, besides much slower variations in a horizontal direction (Table A.2.1 in annex A.2).
Spatial variability may have crucial effects on the behavior of soil volumes as a system, e.g.
when considering resistance against slope failure. Yet, usually applied soil investigation does
not reveal the pattern of spatial variability at a scale sufficiently detailed to evaluate these
system effects in a deterministic way. Therefore, random field modeling was adopted, which
enabled the ability to assess such effects. E.g. the effect of averaging of spatial fluctuation of
soil strength over the surface or volume of a failure mode, needed in a definition of
characteristic values, based on soil property testing, as elucidated in sections 4 and 5 of this
report. And the effect of increase of failure along a dike or (or other type of embankment) as a
function of the length of the dike or embankment section (in Dutch geotechnical and hydraulic
engineering literature often referred to as length-effect)1. From the mid 1970’s a stationary
random field description was suggested in (Vanmarcke, 1977) and more elaborate in
(Vanmarcke, 1983), which roughly captures the characteristics of the pattern type, shown in
Figure 3.1; thus reflecting the impression of a series of CPT diagrams. Though a random field
concept in geotechnical safety assessment was already suggested earlier, e.g. by Alonso
(Alonso, 1976), Vanmarcke extended it with the elaboration of averaging (variance reduction)
and length effects. As already explained in the introduction, this “basic” model needed
extension.

Vanmarcke’s basic random field model and the extended version will be described in section
3.2., including thoughts and decisions regarding choices of spatial correlation model type and
parameters from available options. The extended version (composite model) is the basis for
the analyses and elaborations in sections 4 and 5, thus presenting a stochastic/statistical basis
for formulae to estimate characteristic values of geotechnical parameters, e.g. for dike slope

——————————————
1 Essential for assessing target reliability indices of fdikes, in the Dutch Flood Defense codes, yet not
further outlined in this report.
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safety assessment, from local or regional soil sampling and testing. An overview of these
formulae, used in Dutch guidelines for design of primary and regional flood defenses, was
provided in (Calle, 1996), however without the background presented here.

3.2 Random field model

3.2.1 Basic and composite model
The pattern of a soil property varying throughout a soil unit is modeled as a 3-D stationary
random field. Roughly, this implies that the actual pattern of spatial variation of a soil property,
e.g. the “drained cohesion” , is considered to be a realization of random variables ( , , ) in
each location ( , , ) of the soil unit, having identical probability distributions. For example, the
normal distribution ( , ), where  is the expected mean and  is the standard deviation.
In this report  and  are taken to be spatial coordinates in a horizontal direction and  in the
vertical direction, i.e. the width, length, and depth direction of a dike, as sketched in Figure 3.1.
Furthermore, stationarity implies that autocorrelations among any two ( , , ) and

( + , + , + ) is a function of the separation distance components only. Typical
features of the spatially varying pattern of  may be achieved by choosing the autocorrelation
function structure. For example:

( , , ) = − + +           (3.1)

where ( , , ) equals the autocorrelation among the random variables ( , , ) and
( + , + , + ). The parameters  , . are correlation scale parameters,

characterizing fluctuations of the soil property in the horizontal ( ) and ( ) directions, while
characterizes the fluctuation in the vertical ( ) direction. Figure 3.1 shows the axes orientation.
Also, it shows fluctuations in the horizontal direction are thought of as rather slow, reflecting
spatial variation of deposit conditions, and fluctuations in the vertical direction are rapid,
reflecting temporal variability of the deposition regime. Note that the  in this figure must be
interpreted as  in the equations above, and ̃( , ) as  , the notations in Figure 3.1 belong
to the extended model, discussed below, which will further be referred to as the composite
model.

Though the geological genesis of a soil deposit may justify the need of distinction between
correlation decay in the two different horizontal, ( ) and ( ), directions, it is most often assumed
that = = , as will be assumed in the sequel in this report.

A key feature of the basic model is that “local averages” of the soil property, i.e. average values
of the soil property at different locations ( , ) tend to be equal to , when thickness of the soil
layer is large compared to the vertical correlation parameter . The reason is, obviously, that
differences in local averages are purely statistical of nature in this basic model and reduce as
the depth of the soil layer increases. However, this turned out to be a weakness of the model.
In the course of development of the Dutch code for river dike design (TAW, 1989), this random
field model was adopted as a mathematical/statistical framework to derive statistically based
characteristic soil properties. The idea was that such a framework would facilitate merging of
various (local) sets of test data, obtained from sets of soil samples at different locations (along
a dike), into one regional data model. This would enable derivation of characteristic
geotechnical parameters for any location along the dike, either locations where local test data
are available, or locations in between sampled locations. A basic requirement for merging of
test data is, that geological conditions of locations where local test data were acquired, are
reasonably similar, and well comparable with the conditions at “in between” locations, for which
characteristic parameters derived from the regional dataset are meant to be applied.
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It appeared, however, that variability among averages of the local test data sets at the different
test locations, was significantly larger than could be explained from statistical uncertainties of
local mean values in line with the basic random field model. The extension  is illustrated in
figure 3.1. In fact, it is defined as composite of the basic 3-D random field ( , , ),
superimposed on a 2-D (horizontal) field ̃( , ), reflecting slowly varying local additional means
.Hence, the composite 3-D field is:

( , , ) = ̃( , ) + ( , , )                  (3.2)

where ̃( , ) is normally distributed, ( , ̃), and ( , , ) is normally distributed, 0, ,
while it is assumed that the two fields are stochastically independent. Further, the
autocorrelation functions are taken to be:

̃( , ) = − −                 (3.3)

And, similar to eqn. (3.1):

( , , ) = − + +           (3.4)

Note that identical horizontal correlation scale parameters have been assumed in eq. (3.3) and
(3.4), although different choices of the ‘s in eqns. (3.3) and (3.4) would be possible. It is
plausible that the assumption of identical scale parameters is a reasonable one, based on
geological grounds.

Since the two components ( , , ) and ̃( , ) are stochastically independent, the total
variance of ( , , ) equals:

= ̃ + .                          (3.5)

where  may be estimated classically as sample variance ofthe regional dataset, while its
components ̃  and  must be determined elsewise Based on eqn. (3.5) we define the ratios:

=           and consequently (1 − ) =            (3.6)

The ratio  is a crucial parameter of the composite random field model, the significant impact
of it on determining characteristic values of a soil property will be shown in sections 4 and 5.
Based on the eqns. (3.2) thru (3.6) the autocorrelation function of the composite random field
model, as formally derived in Annex A.1, reads:

( , , ) = − ( )  (1 − ) +  −     (3.7)

Figure 3.1 shows an illustration of the composite model.
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Figure 3.1. Characterization of the composite random field model..

Note that when = 1, and consequently ̃ = 0 (and thus =  ), the composite random field
model reduces to the basic random field model, often referred to as Vanmarcke’s model in
literature, though the composite model was already suggested in (Vanmarcke, 1977). The
elaboration given above was outlined in (Calle, 1990). The idea of creating regional test
datasets by merging local test datasets, is explained in (Calle, 1996).

3.2.2 Choice of pdf and autocorrelation function type
Ideally, the choices of distribution type, its parameters, the autocorrelation function type and
correlation parameters should be verified on the basis of data obtained from geotechnical site
investigations. Most often, however, available data from usual soil investigations, is far from
sufficient for significant statistical inferencing of model choices. Apart from basic parameters of
the adopted probability distribution, decisions on model and parameter choices are based on
“informed guessing”, i.e. information from literature and intuitive deduction. Such decisions may
therefore from a mathematical perspective not be unambiguous. From an engineering
perspective, model choices should be made, which at the end serve the purpose of modeling
the best, which, in our case is to derive plausible and sufficiently safe characteristic soil property
values from (usually limited) measured data.

In case of positive valued random fields, the assumption of a log-normal distribution may be
more logical, than the current assumption of a normal distribution, though the latter is
necessarily less appropriate. Also, other distribution types have been suggested in
geotechnical literature, e.g. based on high end statistics (skewness, kurtosis, etc.) of available
data using theoretical decision diagrams, e.g. (Schultze, 1971). The inevitable truth is,
however, that sample sizes of usual soil investigation in a project, are far too small for reliable
use of these criteria. Hence the pdf-type is most often adopted, based on pragmatic issues and
is frequently a choice between the normal or log-normal distribution only, discarding other
options.

Lack of sufficient data is also (even more) an issue, when it comes to the choice of the
autocorrelation function type and autocorrelation parameters. Different types of admissible
autocorrelation function types have been suggested in literature, some of the most mentioned
in literature are shown in Table 3.1; credit to the JCSS Probabilistic Model Code (Baker & Calle,
2006). Again, here the choice is not made on the basis of statistical inference, but by heuristic
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reasoning, which inevitably may include arbitrariness. For example, since soil property values
are averages anyway over small volumes (lab test samples, or affected volumes of in situ test
devices), one might expect that the spatial field of the soil property is a smoothly varying one.
Its varying pattern is in fact a moving average over these small volumes. Hence the Gaussian
autocorrelation function, type 3, is a convenient choice, since it fulfils a necessary condition for
smoothness, namely that it is twice differentiable at zero lag ( = 0),(Papoulis, 1965). Other
types in Table 3.1 would disqualify, on the basis of this reasoning, but might well not be rejected
on the basis of statistical inference of soil property data from, even intensive, geotechnical
investigation in practice.

Table 3.1: Admissible autocorrelation function types (non-exhaustive)

Type name equation

1. Exponential ( ) = −
| |

2. Exponential, oscillatory ( ) = −
| |

( )

3. Quadratic exponential
(Gaussian) ( ) = −

4. Bilinear ( ) = 1 −
| |

| | ≤

( ) = 0 | | >
 Bilinear is applicable to 1-D fields only

 and  are correlation parameters
is frequently referred to as correlation length

This also holds true for the correlation parameters. An impression of correlation parameter
values, such as the correlation parameters  and  related scales of fluctuation  and , is
shown in Table A.2.1 in Annex A.2. The notion and use of scales of fluctuation is explained in
this annex. The results in Table A.2.1 are indicative and presumably the outcomes of specific
purpose soil investigation campaigns, involving large numbered sample sets of laboratory or
in-situ tests. Usual soil investigation set ups in a geotechnical engineering project involve far
from sufficient samples to determine correlation parameters. Thus, for these parameters we
can only rely on literature-based indications.

As shown in Figure 3.1, adopted indications for the scale of fluctuation in the Dutch flood safety
guidelines are 0.5 m, for the vertical, and 50 m for the horizontal scale of fluctuation. Note that
these characterizations are expressed in terms of “scale of fluctuation”, denoted as , while
until now we used correlation parameter . The notion “scale of fluctuation” has been
introduced in (Vanmarcke, 1977) in order to enable better mutual comparison of the correlation
parameters , as in Table 3.1, for the various different correlation function types. This is further
explained in detail in Annex A.2. For the type adopted in this report, type 3 in Table 3.1, the
relation between the two is = √ . In Figure 3.1, the scales of fluctuation of = 0.5  and

= 50  implicate autocorrelation parameters ≈ 0.28  and ≈ 28 .

The concept of scale of fluctuation was of even more importance in comparing the “averaging
effect” of a soil property in geotechnical limit state analyses. Vanmarcke demonstrated that the
associated variance reduction, as function of the surface or volume dimensions of limit states,
can be very well approximated by simple formulas, needing only scales of fluctuation,
regardless the actually adopted autocorrelation function types from Table 3.1. See Annexes
A.2 and A.3 for further details. Apparently, this makes a correct choice of autocorrelation
function type less critical, as far as evaluation of the effect of averaging in the estimation of
characteristic values is concerned (see sections 4 and 5 in this report).
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Scales of fluctuation itself remain quite uncertain parameters. It will be shown in section 5,
however, that simplifications must be adopted anyway, to derive practically tractable formulas
for the determination of characteristic soil parameters from field data. The assumed scales of
fluctuation, even though not very accurate, provide sufficient information to support the choice
of simplifications.

3.2.3 Choice of the variance ratio parameter ; local vs regional test data
As explained, the composite random field model serves as a framework for statistical
interpretation of a regional test dataset, created by merging local datasets, i.e. sets of test data
from local soil investigations. The basic random field model, i.e. = 1, was rejected for this
merged data-model in the former Dutch river dike design code (TAW, 1989) since it did not well
match with the available data from local test sets at hand then. The choice = 0.75 was made,
largely based on intuition; since there was no time, nor methodology and adequately structured
data, available for rigorous (statistical) analysis. Of course, a classic variance ratio testing could
have been performed, but this would yield smaller “prudent” estimates of  than held plausible
anyway. The choice for = 0.75 implies that 25% of the variance in a regional dataset is due
to regional variations of the mean and 75% of the variance is due to variations around the local
mean. Only some 15 years after its introduction, a statistical (semi) Bayesian approach was
developed, which showed that this this intuitively adopted variance ratio is a plausible one
(Calle, 2007) and (Calle, 2008), yet possibly somewhat on the conservative side. Though this
approach could actually be helpful in deciding for each regional dataset which  –value
assumption is suitable (and prudent from an engineering point of view), the initial choice in
(TAW, 1989) remained unaltered in later guidelines for design and safety assessment, among
which the most recent ones for design and safety assessment of primary dikes, (OI, 2014)
(WBI, 2017), and regional dikes (LTV, 2015).

3.3 Non-uniformity of soil property: increasing trend with depth
Typically, soil strength properties involved in undrained slope stability assessment, increase
(about linearly) in depth within in a soil layer. The previous “uniform” model can easily be
extended with a linearly in depth varying expected mean value term, to capture this type of
spatial variation. So, the expression (3.2) could become, for example:

( , , ) = ̃( , ; ) + ( − ) + ( , , )            (3.8)

where  may, in the simplest extension of the random field model, be constant or of more
complex nature, of course depending on the nature of variability of the field and the information
available to determine it precisely. If we choose  (and  ) to be a constant, we add two
parameters to the model, but the stochastic character (pdf. and correlation structure of
fluctuations, i.e. eqn. (3.7)) remains effectively unaltered. However, the parameter estimations
from field data needs a somewhat more complex approach, because it involves linear
regression calculus, as shown in (Calle, 1996). Also, the expression to determine the
characteristic values of the soil property, eqn. (5.4), needs some extension, as illustrated in
(Van Meekeren, 2019).
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4 Variance reduction due to averaging

4.1 Spatial averaging
In geotechnical model evaluations in order to check the ultimate limit state (ULS) or the
serviceability limit state (SLS), we typically use uniform soil properties in our geotechnical
models despite the soil’s spatially variable nature. Explicit random field modelling is still a
method virtually limited to academic studies at the time of writing, and it certainly was in the
last decades when the approaches for characteristic values described in this report were
developed. From random finite element (RFEM) analyses we now know that the equivalent
uniform geotechnical parameter statistics entail (a) spatial averaging of random fluctuations in
the zone of influence of the failure mode in question, and (b) a reduced mean value due to
failure surfaces being attracted to weak zones. The simplification that has been made hitherto
is to consider spatially averaged statistics and to neglect the effect of attraction to weak zones,
which arguably is only relevant or significant in specific cases (see 5.6).

Following the above, we consider the mean of a soil property over a certain volume or surface,
reflecting the dimensions of a failure mode. However, soil property data available from soil
testing reflects point data, i.e. related to small sample volumes acquired for lab testing or
affected in in situ testing. For instance, for a slope stability computation we are interested in
the mean and standard deviation of the shear strength of a layer, while tri-axial test point data
are available. Since local weaker and stronger spots are all present within the volume,
averaging occurs and the variance of the volume of lower than the variance of the point value.
This is called averaging in this report. Hence, we are interested in determining the mean and
variance of a volume, given we have point inputs. The amount of averaging depends on the
considered volume and scale of fluctuation of the property.

In this report we consider a point property ( , , ) within a soil layer. The amount of averaging
is determined for a square prism, for which the volume is determined by width (B), length (L)
and height (H). The spatial average (spatial mean) of ( , , ) is given by eqn. (4.1):

̅ , , =
  ∫ ∫ ∫ ( , , )             (4.1)

The expected mean value and variance of ̅ , , can be derived as shown in Annex A.3. Its
expected mean equals the expected mean of the field: ̅ , , = and its variance
equals:

̅ , ,
= ̅ , , −  =   ,  , ((1 − )  +   , )       (4.2)

In this equation, ̅ , ,  depends on the field variance, , on the variance ratio parameter
(since only the local fluctuations around the mean can average)  and on the variance reduction
factors  , , ,  and  ,  for respectively the width  in -direction, length  in -direction and
depth  in -direction of the volume involved in a (slope or other) failure, see for axis orientation
Figure 3.1. Width, length and depth reflect dimensions of a (ULS- or SLS-) failure affected
volume or surface, referred to as problem scale for short.

As an approximation, suggested by (Vanmarcke, 1977), in case of non-rectangular shaped
volumes of failure modes, the dimensions ,  and  can roughly be taken to be the dimensions
of the smallest axis-parallel rectangular body which includes this volume. The same holds when
averaging along surfaces is concerned.
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The variance reduction factors   depend on the problem scales relative to the scales of
fluctuation and will be discussed further in section 4.2.The term  ,  ,  in eqn. (4.2) reflects
variance reduction due to the horizontal averaging effect and the term ,  reflects variance
reduction due to the vertical averaging effect. Note that in case of small failure mode
dimensions, relative to the fluctuation scales, the ’s equal 1, and thus ̅ , ,  = , so then
there is no variance reduction at all. This is, e.g., of relevance in case the soil property is
(random modeled) thickness of an impervious blanket layer on top of an aquifer, when
evaluating safety from ground breach due to heave.

4.2 Approximation of variance reduction factors (Vanmarcke 1977)
The exact computation of variance reduction factors requires solving multi integrals, examples
of which are shown in eqns. (A.3.9) to (A.3.11) in the Annex A.3. Based on the elaboration of
these integrals for the various autocorrelation function-types, shown in Table 3.1. (Vanmarcke,
1977) derived a simple approximation for the variance reduction factor.

, ≈ 1  when  ≤                        (4.3)

, ≈    when >  

Note the use of, , the scale of fluctuation. In this report =  √ , where  is the correlation
parameter in eqn. (3.1). Similar relations are, of course, valid for ,  and  , . The crux of
Vanmarcke’s approximation is that the relation (4.3) is valid for all of the autocorrelation-decay-
function-types shown in Table (3.1), provided adequate determination of the scales of
fluctuation from the correlation parameters, as shown in Table A.2.2 in Annex A.2.
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5 Characteristic values in Dutch codes and
guidelines

5.1 Characteristic values
As mentioned in section 2.3, a statistically determined characteristic value of a geotechnical
parameter, in a computational ULS or SLS evaluation, must be a cautious estimate of the
parameter value affecting the occurrence of the limit state, with (calculated) probability of 5%
that a worse value is plausible. The geotechnical parameter in the computation model often
represents an average of the spatially varying soil property, over an affected volume of surface
involved in the occurrence of the limit state failure. Hence, in terms of averaged soil properties
over a failure mechanism affected volume ⨯ ⨯  in the previous section, the characteristic
geotechnical parameter (further referred to as characteristic value in this section) would read
(see Annex A.4):

̅ , , , = ± 1.645 ̅ , ,

= ± 1.645  ,  , ((1 − )  +   , )                             (5.1)

under the provision that the (stationary) random field variable  is Gaussian. The expected
mean value  and standard deviation  must usually be derived from a sample test2 on small
volumes, either in lab or in situ. So, for these parameters only estimations are available ̂  and

, derived from the sample test outcomes and statistical uncertainty of these estimates must
be taken into account. The detailed elaboration in Annex A.4 yields the following expression:

̅ , , , = ̂ ± .   ( ,  , ((1 − )  +   , ) +        (5.2)

where:
· ̂  is the estimation of , which equals the mean value of the test sample outcomes,

̅ (cf. eqn. (A.4.2) in Annex A.4) when samples can be assumed uncorrelated (and
unbiased). When samples can in essence not be assumed uncorrelated, eqn. (A.5.3)
in Annex 5 should be used to establish the estimator.

·  is the estimation of  , determined cf. eqn. (A.4.7) for uncorrelated/weakly
correlated samples, and cf. eqn. (A.5.4) for essentially correlated samples.

· .  is the 95 percentile value of the Student t probability distribution with − 1
degrees of freedom, to account for statistical uncertainty of

· Variance reduction factors  , , , ,and  , , see Section 4.

· Ratio of local and regional variance , see Section 3.
·  sample size of the (local or regional) dataset.

Statistical uncertainty of ̂  (estimator for ) is accounted for by the term  while statistical
uncertainty of   (estimator for ) is accounted for by replacing the standard Gaussian 95
percentile . = 1.645 by the Student . . As for the sample size, i.e. number of independent

——————————————
2 Sample test is assumed to be free of spatial trends and tests are assume free of measurement error. Spatial trends
need a different approach, not further elaborated here. Measurement errors will be dealt with in section 5.3.
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test-outcomes, note that a weak assumption of independency of sample outcomes is briefly
discussed in annex A.5.

5.2 Simplifications adopted in Dutch Guidelines and Regulations
The variance reductions factors ( ) depend on estimated dimensions of potential ULS or SLS
failure affected volumes or surfaces on the one side, and estimated scales of fluctuation on the
other. Both are affected with uncertainty and/or inaccuracy. Dimensions of potential failure
affected soil volumes or surfaces can only roughly be estimated on beforehand. As for scales
of fluctuation, even very extended and systematic soil investigation setups will yield only rough
estimations. So at this point we have to rely for a great part on empirics and literature. Thus,
soft approximate data, which, nevertheless, is useful for practice, if we use it to derive cautious,
but sensible, prescriptions for characteristic values of soil parameters.

5.2.1 Simplification for averaging over large volumes
The amount of variance reductions, expressed in terms of the variance reduction factors, highly
depends on this size of the considered volume in the various directions (horizontal, vertical) in
relation to the scales of fluctuation in these respective directions. As mentioned in section 3.2,
an indication of the scales of fluctuation for the horizontal and vertical is = 50  and ≈
0.5  in accordance with Figure 3.1., in case the soil property ( , , ) reflects shear strength,
to be used in, e.g. slope stability computations.
In case of a slope failure of an embankment or dike, typical longitudinal dimensions ( -direction
in see Figure 3.1) in practice may range from ≈ 30  to ≈ 70 , while widths (in -direction)
may be typically ≈ 10 − 20 . Given a horizontal scale of fluctuation of = 50 , this
implies the variance reduction factors  ,  and ,  likely to be not much smaller than 1.0. Eqn.
(4.3) yields:

, ≈ 1 −  0.7       and  , ≈ 1                (5.3a)

The vertical dimension ( ) of a slope failure is typically in the order of several meters for
embankments, which is relatively large compared to the vertical scale of fluctuation ≈ 0.5 .
Using this, and = 3 − 4 , then eqn. (4.3) yields:

 , ≈ 0.16 −  0.12                       (5.3b)

As argued previously, estimated scales of fluctuation are mainly indicative especially for
horizontal scales of fluctuation. At the best they could be determined with some accuracy from
extensive and specially structured field sampling, which, however, will likely be lacking in every
day geotechnical projects. Hence, values of scales of fluctuation, used in practice, must be
adopted from reported special research, as e.g. referenced in the Annex A.2. The assumption

≈ 50  in Figure 3.1 is reasonably comparable with the range, suggested in Table A.2.1 for
soil shear strengths. However, the assumption ≈ 0.5  is relatively small, compared to
indications in this table. This assumption is based on the observed typical variation pattern in
recorded CPT-diagrams in soft clay and peat layers in the Netherlands. Based on the ranges,
suggested in eqns. (5.3a) and (5.3b), the following choice was adopted in the Dutch flood safety
related design and assessment guidelines:

 , = 1 , = 1     and  , = 0               (5.3c)

in which it is speculated that the effect of ignoring horizontal variance reduction, i.e. , = 1,
is compensated by the effect of exaggerating the vertical variance reduction, i.e.  , = 0.
This reduces eqn. (5.2) to the expression:
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̅ , , , ≈ ̂ − .   (1 − )  +                (5.4)

Note that “±” in eqn. (5.2) is replaced by “-” in eqn. (5.4), since shear strength is concerned and
hence a low characteristic value (5 percentile). Eqn. (5.4) with ( = 0.75), i.e. the composite
random field model, using regionally merged data over a large area, was first introduced in the
Dutch guideline for river dike design (TAW, 1989). Later on this was re-adopted in the
previously mentioned Dutch guidelines for safety assessment of primary and regional flood
defenses.

When use is made of only acquired data at a relatively small location, then = 1, i.e. the basis
random field model (see 4.2), is most likely a reasonable assumption. The idea is that the
variance ratio  will gradually reduce from 1 to 0.75 and may be even less, as the area, over
which acquired local data(sets) are merged, increases from a relatively small locality to an
extent area. This looks a reasonable assumption, but further research is needed to implement
such approach.

As for now, we adopt the basic random field model = 1, in case of data acquisition at a
relatively small locality, and the composite model with = 0.75 for merged local datasets,
regardless the extent of the area over which test data is merged into a regional dataset. The

= 0.75 is considered to be a prudent approach in the Dutch guidelines, although there is,
strictly speaking, no evidence to exclude smaller values of this model parameter.
For large sample sizes, i.e. ⟶ ∞, eqn. (5.4) reduces to:

̅ , , , ≈ ̂ −  1.65 (1 − )                  (5.5)

thus for a local dataset, i.e. = 1 (and ⟶ ∞) eqn. (5.4) reduces to:

̅ , , , ≈ ̂                          (5.6)

5.2.2 Simplification for averaging over small volumes
For point mechanisms with relatively limited volumes of affected soil by the ULS, there will also
be limited variance reduction in vertical direction. This is, for example, the case in pile tip
resistance. In these cases,  , = 1 (besides  , = 1 and , = 1) is likely a realistic
assumption, which reduces eqn. (5.2) to:

̅ , , , ≈ ̂ ±  .   1 +                   (5.7)

This is valid for both local ( = 1) and regional ( < 1) datasets.

5.3 Measurement uncertainty
Up to now it was assumed that the dataset variance  reflects only spatial variability of the
soil property. Most likely, however, observed lab or in situ test results may contain errors of
various sources. As previously mentioned, according to (Cherubini, 1997) up to 30 percent of
the variance may be due to measurement errors, irreproducibility of test devices, disturbed soil
samples, etc. The question is if and how this uncertainty should be taken into account.
The assumption made here about measurement errors is that they are mutually independent
for all of the measurements. Systematic deviation should, when known, be accounted for by
correcting measurement outcomes. When not known, correction is of course not an option. A
Bayesian type of uncertainty approach might be helpful then, but this will not further be explored
here. Correction in case of known systematic deviation would rather affect the estimated mean
value of the soil parameter instead of its variance, which we focus on here. Therefore, we will
further investigate the assumption of independent measurement errors.
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These could be well modelled as a random variable with a normal distribution with expected
mean value equal to zero and variance equal to a certain percentage, say Cherubini’s “30 pct.”
of the (local or regional) test data variance. Then the terms under the square root symbol in
eqn. (5.2) would apply to 70 % of the test data variance, since only this part is attributable to
spatial variability. However, there will be an additional term, similar to the term for statistical
uncertainty, to cover the 30 % measurement uncertainty. Applying this, eqn. (5.4) becomes
now:

̅ , , , ≈ ̂ − ,   0.7(1 − )  +   0.7 + 0.3

= ̂ −  ,   0.7(1 − )  +                                        (5.8)

Hence, this yields a higher estimated characteristic strength value compared to eqn. (5.4),
which is also true for any other fraction between zero and the assumed 0.3 here. This is due to
the averaging of all the independent measurement errors. So, unless it is quite certain which
part of the test data variance is at least attributable to (random) errors, induced by the process
of sample acquisition, preparation and testing, it is advisable from a prudent engineering point
of view not to account for these errors in the estimation of characteristic values of soil strength
properties. In case of a local data set ( = 1), the effect of independent measurement errors
disappears, as both the measurement error and the spatial variability components average.

5.4 Statistical inference from spatially correlated data
When inferring statistical geotechnical parameters, based on data, often the (implicit)
assumption is made that soil samples are uncorrelated. However, if they are close enough
together, a partial correlation might be present according to the underlying spatial model, which
might have to be corrected for in the inference. This is further elaborated in Annex A.5, where
it is also argued that in practice there will not be much difference between computed regional
means and variances with or without explicitly accounting for assumed random field associated
spatial correlations. However, it is better to avoid having many correlated data, in order to avoid
the need to account for correlation as discussed in Annex A.5, which can be achieved by a
careful design of the sampling plan based on the presumed spatial model of the soil, or by pre-
processing of the data.

5.5 Lognormal distribution
As pointed out in section 3.2.2 an alternative to the assumption of normality of a soil property
distribution, is the assumption of lognormality, which is an effective way to avoid negative, and
thus unrealistic, estimations of characteristic soil strength parameters. Lognormality of some
stochastic soil property field ( , , ) implies that the logarithms log ( , , )  have a normal
distribution by definition. Formula’s for characteristic values of “point” values (small volumes)
may easily be obtained, based on this definition, see eqn. (8) in (Calle, 1996). Yet, deriving
formula’s for determination of characteristic values of averages over larger volumes, similar to
the adopted line of thought in sections 4 and 5 is not trivial. Contrary to normally distributed
fields, where an average value over some volume is again normally distributed, the average
over some volume of a log normal field is not log normally distributed. However, it may well be
assumed that the simplification at the end for normally distributed fields, eqn. (5.3.c), is valid,
or at the least reasonably assumable, for log normal fields too. This implies that the
characteristic value of a (local) expected mean may simply be obtained from statistics of the
logarithms of observed strength values.



26 of 37 Characteristic values of soil properties in Dutch codes of practice
11206883-014-GEO-0001, 29 June 2021

The often used equation for a characteristic value for a lognormal distribution (e.g. Calle, 1996)
has the form of eqn. (5.9) for full spatial averaging of local variability. It should be noted that
this is the characteristic value of the median of a lognormal distribution.

, =
( )  

.  ( )
√

 
                   (5.9)

where (ln )  is the mean value of the set of natural logarithms of observed values of a soil
property c and  ( ) is the  standard deviation of this set. . The characteristic value of the
expected mean of the log normal distribution is, approximately:

 ̅ ≈
( )   ( ) 

.  ( )
√

 
                    (5.10)

Whether eqn. (5.9) or eqn. (5.10) should be used depends on the actual system behavior. In
case of doubt, eqn. (5.9) should be used since this is the more conservative one.

5.6 Concluding remarks
The parameter  of the composite random field model significantly affects estimates of
characteristic soil strength parameters. Estimation of this parameter for a particular regional
dataset is a tedious task, while significant uncertainty remains. However, it looks that the
engineering intuition based ≈ 0.75 in (TAW, 1979) was a reasonable choice (Calle,
2007/2008).

Yet in most published proposals relating to computation of characteristic soil parameter values,
the basic Vanmarcke-model, i.e. = 1, was adopted (Schneider & Schneider, 2013, Ching et
al.,2020, Hicks et al., 2019,  to mention a few). It can be seen from eqns. (5.4), (5.5) and (5.8),
that this is not a prudent, and possibly even unsafe, assumption, when applied in connection
with a regional data set, for actually not sampled locations (locations in between sampled areas
within a region). A reassessment on the basis of the composite random variation model with

= 0.75 would surely be of interest, to compare these proposals with the current Dutch flood
safety guidelines.

The assumed scales of fluctuation in this report are indicative. Yet they seem to agree well with
other published material and are, in the end, only used (and in fact usable) to support
simplifications, to achieve simple formula’s for characteristic value calculations, based on
sample data alone.

A fairly new approach to estimate characteristic soil parameters is proposed in (Hicks et al.,
2019) using an RFEM (Random Finite Element Method). This approach looks promising, in the
sense that it inherently accounts for spatial variability induced effects, though more
developments and testing will be needed for use in  every day practice.
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6 Conclusion

Characteristic values of soil properties are determined either based on engineering judgement
or on a statistical basis. As stated in the introduction, the authors recognized persisting
confusion about some concepts and assumptions underlying the approach to characteristic
values as implemented in Dutch guidelines and codes of practice. To remedy this situation,
and to support future developments in approaches to characteristic values, this report
documents the theoretical (probability-based) backgrounds and the practical assumptions
made in the implementation. Below we provide some final reflections.

The definition of characteristic values is closely related to the required reliability targets in the
Eurocodes and in the safety standards for flood defenses through the semi-probabilistic
verification format with partial factors. This implies that the operational definitions of
characteristic values always need to be considered in conjunction with the overall safety or
reliability concept for limit state verification in a guideline or code of practice.

We have highlighted the importance of considering spatial variability in soil properties to the
degree that that is applicable for the structure and limit state in question. In this report, this was
achieved by applying spatial averaging. The equations currently stated in Dutch guidelines
consider upper and lower bound approaches in this regard, i.e. either point properties (no
averaging) or layer averages (full averaging) is considered. We have shown which assumptions
have been made to arrive at these simplifications, based on a more sophisticated and generic
elaboration of spatial averaging.

Merely looking at the equations for characteristic values, these may seem rather simplistic.
Hopefully, the discussions in this report have demonstrated that the fundamental basis of the
equations is rather wide-ranging in considerations, such as:

· spatial variability and averaging
· regional versus local
· statistical uncertainty
· measurement error
· correlated versus uncorrelated data

It is noteworthy that recently numerous proposals have been made to operationally define
characteristic values, also for conditions deviating from the elaborations in this article (i.e.
stationary random fields). For example, soil parameters with depth trends or correlated
parameters require different treatment. An overview of these developments can be found in
ISSMGE-TC304 (2021).
We believe that for any improvement or alternative proposals to operationally define
characteristic values, it is crucial to address all these issues. Of course, that does not mean
that all aspects need be ultimately part of the recipe. As we have shown, also the current
formulations work with simplifications based on (mostly judgement-based) assumptions. Yet is
seems important to us that all essential elements are covered in the justification.
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A ANNEX: Mathematical background and proofs

A.1 Proof of autocorrelation function eq. (3.7) in main text
Assuming normality of the probability distributions3 of ( , , ) and ̃( , ) in section 3, the
random field property value ( , , ) can be written as

( , , ) = + ( , ) ̃ + ( , , )     (A.1.1)

for any spatial point ( , , ) within the soil layer. Herein  is the so called regional expected
mean value (or regional mean), ̃ the standard deviation of local means ̃( , ) at location
( , )) from the regional mean . Further, ( , ) and ( , , ) are standard normal mutually
independent random field functions, defined as:

( , ) = ̃( , )
(A.1.2)

and
( , , ) = ( , , )

    (A.1.3)

Both with expected mean value equal to 0 and standard deviation equal to 1, and auto-
correlation functions according to the assumptions in section 3:

( , ) =  ̅( , ) = (− )     (A.1.3)

and

( , , ) =  ( , , ) = − −   (A.1.4)

Where  en  denote the parameters of autocorrelation decay in horizontal and vertical
direction respectively.

The expected mean value [ ( , , )] of ( , , ) according the notation in eq. (A.1.1) is,
obviously, equal to   (because expected means [ ( , )] and [ ( , , )] both equal
zero). Notably [. ] denotes the expectation operator, which is linear functional operator. The
variance [( ( , , ) − [ ( , , )]) ] is, also expectedly:

[( ( , , ) − [ ( , , )]) ] = [( ( , , ) − ) ] =
( , ) ̃  + 2 ( , ) ̃  ( , , ) + ( , , ) =
( , )] ̃  + 2 [ ( , ) ( , , )]  ̃ + [ ( , , )] =
̃  +   =                                                                        (A.1.5)

because [ ( , ) ( , , )] = 0 (the random functions ( , ) and ( , , ) are mutually
independent) and because [ ( , )] and [ ( , , )] both equal 1.
The autocorrelation function of ( , , ), which is a only a function of distance components

, ,  between any two spatial points in the soil layer equals:

——————————————
3 Throughout the Annex, as in the main text, it is assumed that random field variables c, f and  ̅have
normal (Gaussian) probability distributions
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( , , )  ≝ [ ( , , ) ( ,  , )] =
 [ ( , ) ( , )]  [ ( , , ) ( , , )] 

and because expectations of cross terms [ (. ) (. )] equal zero, we find, based on the
assumptions (A.1.3) and (A.1.4) that:

( , , ) = (1 − ) − + − − =

− (1 − ) + −          (A.1.6)

This concludes the proof of eqn. (3.7) in the main text.

A.2 Scales of fluctuation (cf. Vanmarcke, 1977)
Several autocorrelation-function types and actually suggested scales of fluctuation have been
proposed in literature throughout the years, since the notion of random field modeling of soil
properties was introduced in the mid 1970’s. Table A.2.1, adopted from (Baker & Calle, 2006),
provides an illustrating, though not exhaustive, overview of literature over the past decades.
The recently published state-of-the-art review ISSMGE-TC304 (2021) contains additional
information and sources.

Table A.2.1: Scales of Fluctuation from various sources

Source Soil property Purpose Spatial model
type

Scale of Fluctuation

Tang
1979

Marine clay, average cone
resistance (CPT) from 0-3m
below sea bottom.
Different levels

Design skirts
offshore platform

Gaussian dh = 55 m
dh = 35 – 60 m

Asoaka et al
1982

Undrained shear strength Modeling vertical
spatial variability

Exponential dv = 2.5 – 6 m

Mulla
1988

Surface temperature
Water content
Penetrometer resistance
Sand content (sandy clay)
Clay content

Prediction of water
content

Semi
variogram
spherical

dh =  50  –  70  m
       40 – 60 m
       40 – 70 m
       60 – 80 m

40 – 60 m
Ronold
1990

Shearing strength (clay) Capacity of tension piles Gaussian dv = 2 m

Unlu et al
1990

ln(Kunsarurated)
Soil parameter (unspec)
Water capacity

Comparison
study

dh,lnK  = 12–16 m
dh,par =  40  m
dh,cap = 12–16 m

Soulié et al
1990

Shear strength Modeling spatial
variability dam design

Exponential dv =  2  m
dh = 20 m

Rehfeldt et al
1992

log Permeability Modeling spatial
variability,
tracer tests

Exponential Flowmeter:
dv =  3.2  m,
dh =  25  m
Several tests:
dv = 1.5-3 m
dh = 25–50 m

Honjo et al 1991 Unconfined
compr. strength

Slope stability evaluation Exponential dv =  4  m
dh = 80 m
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Note that the spatial parameters in this table refer to “scales of fluctuation”. This parameter
definition has been introduced in (Varmarcke, 1977), to enable a comparison of correlation
length parameters used in combination with different autocorrelation function types may have
a different meaning. Vanmarcke’s definition of scale of fluctuation is:

= 2 ∫ ( )  (A.2.1)

Application to the autocorrelation function types of Table 3.1 in the main text yields the relations
between scale of fluctuation  and correlation parameter , given in Table A.2.2

Table A.2.2: Relation between scale of fluctuation and correlation

Type Scale of fluctuation d
1. Exponential = 2
2. Exponential, oscillatory =

2
1 +

3. Gaussian = √
4. Bilinear =

A.3 Variance reduction due to averaging: Proof of eqn. (4.2) of main text
Soil properties in a geotechnical ULS or SLS verification analysis usually represent averages
of the soil property over a surface or in a volume involved in the limit state definition. Depending
on the sizes of such surfaces or volumes, variances of average values of the soil property over
these surfaces or volumes will be less than variances of “point” values itself. This is called
variance reduction. We will illustrate this using the following example. Suppose ( , , ) is a
soil property, modeled as a random field, the average value of which over a rectangle volume
{ , , }, with ( ≤ ≤ + ), ( ≤ ≤ + ) and ( ≤ ≤ + ) is a parameter in
some ULS or SLS verification analysis. The average value of ( , , ) is:

̅ , , =
  ∫ ∫ ∫ ( , , )      (A.3.1)

Following the expression adopted in eqn. (A.1.1), it can easily be seen that the expected mean
value [ ̅ , , ] equals  and the variance ̅ , ,  equals:

̅ , , = [ ̅ , , − ) =

 
  ∫ ∫ ∫  ( , ) ̅ + ( , , )    = ∗ (A.3.2)

The utmost right-hand side term of eqn. (A.3.2) will be elaborated further. For this we use the
following properties of integrals:

(∫ ( ) ) = (∫ ( ) ) (∫ ( ) ) = ∬ ( ) ( )    (A.3.3)

Rosenbaum
1987

Thickness of natural
deposit

Variogram,
spherical

dh = 750 m

Hess et al
1992

ln Permeability Contaminant
migration

Exponential dv =  0.2–1  m
dh = 2–10 m

Chiasson
1995

CPT, vane shear strength Modeling spatial
variability

Variogram,
spherical

dv = 1.5 m

Vrouwenvelder
& Calle 2003

CPT, avg. cone resistance
deep glacial sands

Modeling spatial
variability

Gaussian dh = 20–35 m
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and, since it is a linear operator:

[∫ ( ) ] = ∫ [ ( )]   (A.3.4)

Further we use an abbreviate notation for the integrant in eqn. (A.3.2):

( , ) ̅ + ( , , ) ⇒    ( , , )   (A.3.5)

Herewith, the elaboration of eqn. (A.3.2) becomes:

∗ = (   )   ∫ ∫ ∫  ( , , )   =

(   ) ∫ ∫ ∫ ∫ ∫ ∫ [ ( , , ) ( , , )]   
(A.3.6)

Further elaboration of the integrant yields:

[ ( , , ) ( , , )] =
( ( , ) ̅ + ( , , ) )( ( , ) ̅ + ( , , ) ) =
̅  [ ( , ) ( , )] +  [ ( , , ) ( , , )] = **               (A.3.7a)

and, using the expressions (A.1.3) and (A.1.4))

∗∗ = ̅  ( − , − ) +  ( − , − , − ) =

̅  −  −

+  − −   − (A.3.7b)

Substitution of (A.3.7b) in (A.3.2) and (A.3.6) yields, finally:

̅ , , =  ∫ ∫ −

x ∫ ∫ −  (A.3.8)

x ̅ +  ∫ ∫ −  

The integrals in eqn. (A.3.8) are written for short as:

∫ ∫ − = ,    (A.3.9)

∫ ∫ −  =  , (A.3.10)

∫ ∫ −  =  , (A.3.11)
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and are referred to as variance reduction factors. It can easily be seen that these factors are
positive and less than or equal to 1. Using these abbreviations and the relations:

̅ = (1 − )  and =   (A.3.12)

we find the expression for the variance of the mean value of the soil property  within the
volume .

̅ , , = (1 − ) ,  ,  +  ,  ,  ,

=   ,  , (1 − )  +  ,  ) (A.3.13)

This concludes the proof of eqn. (4.2) in the main text.

A.4 Characteristic values of soil properties, Proof of eqn. (5.1) of main text
In Dutch geotechnical guidelines, characteristic values of soil properties are to represent 5%-
lower or 95%-upper bounds of the soil property values to be used in ULS- or SLS-based
computation models. In most of these models, these soil property values represent average
values of the soil property over the ULS- or SLS- affected volume or surface. Uncertainties
involved in the estimation of characteristic values are aleatory and statistical of nature. The
variance in eqn. (A.3.13) represents the aleatory part of uncertainty. If the basic random
distribution parameters, i.e. expected mean value  and variance   are known, or statistical
estimation uncertainty is discarded, characteristic values (in case of a normal distribution) can
be determined from the formula:

̅ , , , = ± 1.645 ̅ , ,

= ± 1.645  ,  , ((1 − ) +   , ) (A.4.1)

For simplicity of notation, the expression under the square root symbol in this equation will
temporarily be denoted as , so:

̅ , , , = ± 1.645 √ (A.4.1a)

Usually the expected mean value, , must be estimated from the available local or regional
lab or in situ test datasets. When it can be assumed that the test outcomes { } ( = 1 … )
of such a dataset are stochastically independent4 and free of bias, then the average value of
the set:

̅ = ∑ = ̂ (A.4.2)

is an unbiased estimator, ̂ , for , meaning that in expectation the set average ̅ equals .
Its variance is (in case  follows a Gaussian distribution):

——————————————
4 Within a stationary (non- white noise) random field, correlation among field points is specified by the
spatial autocorrelation structure. In the estimation of the expected mean value, eqn. (A.4.2), and the
variance, eqn. (A.4.7), mutual autocorrelation among { } should therefore be taken into account in these
equations. Further explanation follows in paragraph A.4.3.
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̅ =  (A.4.3)

Likewise eqn. (A.1.1) we find the expression for the unknown :

=  ̂  +  ̅ = ̂  +    (A.4.4a)

where  is a standard normally distributed random variable, (0,1), and for the “ULS/SLS-
parameter” ̅ , ,  :

̅ , , = +  √ (A.4.4b)

where  is a standard normal random variable. Combination of eqns. (A.4.4a) and (A.4.4b)
yields:

̅ , , = +  √  = ̂  +     +  √ (A.4.4c)

In this equation ξ and η are standard normally distributed and mutually independent, random
variables. Similar to the elaboration resulting in eqn. (A.1.5), the eqn. (A.4.4c) yields the
standard deviation of ̅ , , , including the effect of statistical uncertainty involved in the
estimation of  from the dataset. So:

, , = 1 + (A.4.5)

From which the expression for (respectively, high and low) characteristic value of ̅ , ,
follows:

̅ , , , = ̂ ± 1.645 +
1

(A.4.6)

where 1.645 is the 95 percentile of the standard normal probability function.

Like the estimate for the expected mean value, also the (local or regional) standard deviation
 (or variance ) must be determined from the available (local or regional) test sample

dataset. The test sample variance:

=
( )

∑ ( − ̂ )  (A.4.7)

(whether the test set is local or regional) is an unbiased estimator, meaning that in expectation
[ ] = , however it suffers from statistical uncertainty, which is accounted for correctly

by replacing in eqn. (A.4.6) the  by  and the standard normal distribution associated 95-
percentile deviation, 1.645, by the Student t distribution associated 95 percentile deviation,

, . So, the formula for the characteristic value, (A.4.6), changes into:

̅ , , , = ̅ ±  ,   + (A.4.8)

Replacing G again by its original expression, this yields:
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̅ , , , = ̂ ± ,  ( ,  , ((1 − )  +   , ) +
1

(A.4.9)

This concludes the proof of eqn. (5.2) of the main text.

A.5 Statistics, based on spatially correlated data
Test data, as the { } ( = 1 … ) in the previous paragraph, reflect observations from test
samples (lab or in situ) acquired from spatial locations within the random field considered. As
we adopted a spatial structure of this field, i.e. the autocorrelation-function, the test data to
determine the parameters of the field should be considered mutually correlated accordingly.
Suppose the test data are associated with the locations where data was acquired,
{ ( , , )} ( = 1 … ), than the following mutual correlations between any two of the
test data should be taken into account:

 , =  − , − , − = ( , , ) (A.5.1)

where ( , , ) is the adopted autocorrelation function. For convenience we denote
these correlations as , ; they are represented in matrix notation as:

 =
, ⋯ ,

⋮ ⋱ ⋮
, ⋯ ,

(A.5.2)

where , called correlation matrix of the test dataset, is a square matrix of rank , symmetrical,
with diagonal terms equal to 1 and off diagonal terms < 1 . The eqn. (A.4.2) to estimate the
expected mean value of the field then reads:

̂ =     (A.5.3)

where ̂  is again an unbiased estimator of the (local or regional) expected mean value  ,
 de inverse of the correlation matrix,  a vector of size  with elements equal to 1 and

a vector of size  with elements equal to ( = 1 … ). Further is  the transposed form
of vector . The estimator for the variance  becomes:

=
( )

−  ̂ −  ̂ (A.5.4)

It can be shown that ̂  is an unbiased estimator for the expected mean value  and that
is an unbiased estimator for the variance  , moreover, as the number of acquired samples

 increases, the variances of ̂  and  decrease, asymptotically to zero. Proof is held in
(Calle, 2007). It can easily be seen that in case there is no correlation among the test samples,
thus = , the unity matrix, eqns. (A.5.3) and (A.5.4) reduce to eqns. (A.4.2) and (A.4.7).
Moreover, it may be expected that differences between the outcomes of eqns. (A.4.2) and
(A.5.4) and between eqns. (A.4.7) and (A.5.4) are not substantial, in case of a usual set up and
intensity of geotechnical site investigation. Thus, the use of eqns. (A.4.2) and (A.4.7),
disregarding any effect spatial correlation, stemming from the adopted random field model,
may have only limited effect on correct estimation of expected mean value and variance of the
field. Yet, it should be realized that this effect may become important in case of densely
sampled field measurements.
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